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Revision: Height Measurement with Cross-Ratio
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As i approaches t, cross ratio becomes extremely large.
But then, i is already the solutioni.e.t =i or h = h,
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Objectives of this lecture

N

Understanding stereo vision

Understanding epipolar geometry

Calculating the Essential and Fundamental matrices
How to perform stereo image rectification

3D reconstruction using stereo cameras

3D reconstruction using structured light
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Depth ambiguity in an image

N All points on the ray OP has the same

image coordinates p. P=(XYZ) # o
X fkX
X =—= ——
Z kZ
Y fky
7 kZ
Forany k # 0
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Human’s have two eyes for stereo vision

N

The disparity between the left and right retina images gives us a perception

of depth ;
The disparity in images is proportional @

to the object’s distance

In 3D movies, two videos are captured
in a similar way }

And shown to us using glasses such that the left eye sees
only the left image and the right eye sees only the right image
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Random Dot Stereogram

N Generate an image with random dots
N Duplicate the image

N Select a rectangular region inside one
of the images and shift it horizontally

Dr. Béla Julesz, “Foundations of Cyclopean Perception” 1971
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Random Dot Stereogram

N Generate an image with random dots
N Duplicate the image

N Select a rectangular region inside one
of the images and shift it horizontally

N Fill the hole with more random dots
N View with a stereoscope OR focus on a point behind the image

N You will see the rectangular region to appear in front or behind the rest of
the surface giving a 3D perception

Dr. Béla Julesz, “Foundations of Cyclopean Perception” 1971
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Random Dot Autostereogram

N |nvented by Christopher Tyler 1979.

N Uses a single image to create
3D effect

Image courtesy of Fred Hsu, March 2005
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Back to camera based stereo

N The human mind is excellent at resolving stereo image disparity to
perceive depth and does not even need to interpret the image to do so

N Can we make a computer do the same?
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Add a second camera

N Stereo cameras can resolve depth ambiguity

N Notice how the points project on the o
second i . _ -
image plane " /
P X e Al
. ., Al
N Asingle world point P and two Y [ N
optical centers form a triangle 3 )
. O: .

N We can find the location of P
in world coordinates using triangulation
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How can we resolve the triangulation?

N We can find 0; and 0y in world coordinates through camera calibration

N Let’s say, we want to find the
world coordinates of the pixel p o« J O

N In other words, we want to find the location

of P in world coordinates since p is its . ///
projection on the left image plane : /'/"j(f
i NN
N To complete the triangle, we need to [ R
find the projection of P on the right ; / AR
image plane A - P, 9

N This is called finding the corresponding point of p

OR the correspondence problem
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Two tasks

N For each point in the left image, find a corresponding point in the right
image [ CORRESPONDENCE ]

N Calculate the 3-D [X, Y, Z] coordinates of each
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A simple stereo system

left
camera
located at ,
(0,0,0)
right
camera
located at
(TK # 03‘ 0)

Image coordinates of point (X,Y,Z)
in Left Camera

Computer Vision - Lecture 10 — Stereo Reconstruction The University of Western Australia 14



THE UNIVERSITY OF

v WESTERN AUSTRALIA

A simple stereo system

N Move the point and the right camera . (X-Tx, Y. Z)
/I _Tx
.r”’jr
N Moving the point and camera ~/ e (XY.Z)
together does not affect left y ’f‘ ~2
where it is projected camera / '_J_,_,.-.f-
located at 1/ —
0.0,00 &~y
Iy ~
*X
. . T)(
N The image coordinates of the
point in the right camera are YT Y
X :.{ 7 Z ¥, :fi
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Stereo disparity

Left camera

XY d
X, X]
Right camera
f. X — T.-r ], Y
_1-. —_— i"il — —
re 7 hy J 7
Stereo Disparity baseline
depth
! (=73 '
=x1—X=f=—(/=—J= )
iz Yz 7 O-ay,
disparity
d f T'l. . 1
= Important equation!

Note that the depth and stereo disparity are inversely proportional

Computer Vision - Lecture 10 — Stereo Reconstruction The University of Western Australia 16



THE UNIVERSITY OF

v WESTERN AUSTRALIA

Epipolar Geometry : Definitions

N

A 3D point P and two optical centers
0, and O, define an epipolar plane

The intersection of the epipolar
plane with the image planes

. . . O
defines epipolar lines ] 0 \y 0,
All epipolar lines in an image plane intersect at the epipoles (e; or e;)

Epipolar line is the image in one camera of the ray through the optical
center and image point in the other camera

Epipole is the image of one camera in the other.

Can you find the epipole in the previous example?
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The Essential matrix and the Fundamental matrix

N

N

Both are 3x3 matrices that encode the epipolar geometry of the two views

Multiplying a point in one image by the essential/fundamental matrix gives
us the epipolar line in the second image to search along

Does not give the exact location of the point!

We need to search for the exact location using template matching for
example.

Search for the matching point is constrained to the epipolar line. This is
known as the epipolar constraint.
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The Essential Matrix

B.=R(P, —T)
= PTRSP, = 0
= PTEP, = 0

R is the rotation matrix and
T the translation vector
0 —t. t,
S=|t. 0 —i,
—t, t, 0

The essential matrix has rank 2 and depends

E = RS is the Essential Matrix only on the extrinsic camera parameters
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Longuet-Higgins equations

BTEP, =0 Relates two rays in world coordinates

i _
.

L= g r=z b
(Z;. )TE (21 ) L
3 Pr fE Pi
pIEp; =0 Relates two 2D image points
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Longuet-Higgins equation

N An image point can also be thought of as a viewing ray
* (u,v) 2D image point
* (u,v,f) 3D point on image plane
* k(u,v, f) viewing ray into the scene
 k(X,Y,Z) ray through the point P in the scene

N k=f/Z,u=fX/Zandv = fY/Z
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Epipolar lines

N

N

Consider thelinel=[abc]” inanimageie.au+bv+c=0
Now consider a point p = [u v 1]7 in homogeneous coordinates
Recall thatif p lieson [, thenp’l=1Tp =0

Remember plEp;))= 0

The epipolar line [, = Ep; corresponds to the point p,

Similarly, the epipolar line I[; = ETp, corresponds to the point p,

A point in the right image corresponds to a line in the left image. A point in
the left image corresponds to a line in the right image.
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Epipoles

N

Epipoles lie on epipolar lines

elEp, =0 and pfEe; = 0

In fact, all epipolar lines contain the epipole since they intersect at the

epipole
Thus efE =0, and Ee; =0
Notice that E has a right and left null vector

These two null vectors are the epipoles
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Fundamental matrix

N The essential matrix uses camera coordinates
N We want to perform computations in pixel or image coordinates
N Only possible if we know the intrinsic camera parameters

N The fundamental matrix is similar to the essential matrix because it gives
the relationships between points and epipolar lines in image coordinates
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Fundamental matrix

N The pixel coordinates and camera coordinates are related by an affine
transformation matrix

pL=Mp, =p =M 'p
Pr = Mypr, = pr=M;p,
prEp =0
Substituting p,- and p;
(M p)TE (M7 ) = 0
o (M;TEM; ) pyr =0
Py Fpp=0
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Fundamental matrix

N F=MTRSM;?

N Has rank 2

N Depends on intrinsic and extrinsic camera parameters
N Analogous to the essential matrix

N Thus all previous derivations with E hold in this case too
« elF=0,and Fe; =0

N Additionally, pixel relationships hold i.e. [u, v, 1]F[u; v; 1]T = 0
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Estimating the fundamental matrix

fll fli’ fl.i-.‘- Uj
[“i v 1} o1 f22 fos v | =0
a1 faz Ja3 1

uah f1q + vl fay +uifs +

Eﬂi’-j‘fl'i - i_.',:L’::fg-g + E-‘.ff:-i'_* T

ulfis +vlfas 4 fa3=0
N OR

wiw; fr1+ wivs for + wi far + vl fro + vl foo +vifae +wl fia + Ul fos + i3 =0

N One set of corresponding points gives one equation
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) Ju Sz hs| |w

\u; v 1] for foo foa| |vi|l =0 ]

: : . 11

fa1 Jfa2 fas l :

for

Ja1
Ji2

[-u,-u’; WUl w; vun vl v U v 1] fo| =0

Ja

Minimum 8 points are required Jis
but you can use more points Jas
| fa3]

This is a system of linear equations Ax =0 A has rank 8

Solution: Find the eigenvector of AT 4 with the minimum eigenvalue
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Eight-Point Algorithm

N Construct the m x 9 matrix A where m > 8 (eight or more points)
N Find Singular Value Decomposition (SVD) of Ai.e. USVT = ATA
N The last column of U contains the entries of the F matrix

N F must have rank 2
* (so it can have a left and right null space i.e. the epipoles)

N Find SVD of Fi.e. UsSV) =F
N Set the smallest singular value in S to zero to create S’

N Recompute F = UpS;V/
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Numerical Stability
N |mage correspondences can have a wide range of values

N |t is better to normalize the corresponding points so that they have zero

mean and unit standard deviation

x; = Tx;, and .%; = T:XE

F=(TY'ET
F, is the fundamental matrix calculated from the normalized set of

corresponding points
The University of Western Australia 30
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Calculating the 3D coordinates of a point

If we have a pair of corresponding points in stereo images and we know the
camera parameters of both cameras, we can find its [X, Y, Z] location

— -

X L X +qnY + g3l + qu
s 11 Ji1a Q13 ¢ ] = _
e I B 31 + G2 + 033 + 434
SU| = |q21 422 423 g2
Z B 4 ;) d 51 Ay
C Gar Q22 433 Qs V= X + Y +¢us+qu
| 1 ] g3t + @22 + 33 + 434

+ We get another two equations from the

r - ! r ! !
second camera. o quX +apY + 32 + 4y

: Gy + G + Ty + Ty
« Both sets of equations share the same three S f
variables [X YV Z] r_ g X + Y + 932 + ¢y

v ,
Qy; + doe + U3 + U3y

« Four equations and three variables — can be
solved with linear least squares
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BREAK
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Image rectification

|

Epipolar lines are usually like this We want to make them like this

» To simplify for correspondence points.

« Search is easier along a horizontal line.
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Stereo image rectification

N Reproject the image planes onto a common plane
parallel to the line between the optical centers

N Requires a rotation around the optical center
i.e. the focal point

N A rotation around the optical center is
simply a 2D homography in the image
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Basic idea

N We need to apply homography so that the epipolar lines become horizontal

R

—_—

N The epipole will be at infinity e = [1 0 0]

N Rectified image does not remain rectangular

Computer Vision - Lecture 10 — Stereo Reconstruction The University of Western Australia g5
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Stereo rectification — Properties of homography matrix

He 0

0

- Assuming each row of H to be a line

hi
H= |hi
hi

r T 1T
He = _]fe hle hge] = [l 0 0

- Lines h, and h; pass through the epipole e

J The first one is irrelevant
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Stereo rectification — Properties of homography matrix

N Let H and H' be the homographies to be applied to rectify the two images
N Lines hj and h; must pass through epipole e’
N Lines h, and h;, and h; and h; are corresponding epipolar lines

N Lines h3 and h; define the rectifying plane

Remember that the pair of homography matrices are not unique
l.e. many pairs are possible.

Need to find the pair that minimizes image distortion.

C. Loop and Z. Zhang, “Computing rectifying homographies for stereo vision”, Tech report, 1999.
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Stereo image rectification

N Assuming extrinsic parameter R and T are known

R,f = r.":{
-
| E3

T
el = ——

[a
1 -_TEI_

€z =€ X €9

E. Trucco and A. Verri, “Introductory techniques for 3D computer Vision”, Prentice Hall, 1998,
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Algorithm — stereo image rectification
N Computer R;
N R, =RR,
N For each left point p = [x y f]T
« Compute Rip = [x"y' z']T

« Computep’' = f/z'[x"y' z']"

N Repeat the above for the right camera point using R,

E. Trucco and A. Verri, “Introductory techniques for 3D computer Vision”, Prentice Hall, 1998,
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A better approach

N The above conventional approach does not work when the epipoles are
inside (or very close to) the image

N For example a camera translating forward

N Solution: Perform polar rectification around the epipoles

Pollefeys et al ICCV 1999

Computer Vision - Lecture 10 — Stereo Reconstruction The University of Western Australia 40



=| THE UNIVERSITY OF
Y, WESTERN AUSTRALIA

Computer Vision - Lecture 10 — Stereo Reconstruction The University of Western Australia 44



THE UNIVERSITY OF

WESTERN AUSTRALIA

Another example

epipoles

Input 1images
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™~ ) Depth Maps

=y e
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Depth map in
pixel coords

Views of texture mapped
depth surface
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Correspondence problem

N What we have discussed so far reduces the correspondence search to the
epipolar line

N We made the epipolar lines horizontal for simplicity

N To find corresponding points in two (rectified) image pairs is still a
challenging problem due to

» Lack of texture

* Repetitive texture

« Occlusions around the object boundaries

» The selection of optimal correspondence search window is difficult
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Putting constraints on correspondence search

N Epipolar: Corresponding points must lie on corresponding epipolar lines

N Uniqueness: A point in one image can have only one corresponding point in
the other image

N Ordering: Points in the second image must appear in the same order as in
the first image

N Smoothness: Disparity values are expected to change slowly except at
object boundaries

Computer Vision - Lecture 10 — Stereo Reconstruction The University of Western Australia 4~



THE UNIVERSITY OF

v WESTERN AUSTRALIA

Perfecting correspondences

N

N

Active stereo can make the correspondence search more accurate
The idea is to project coded light onto the scene

The code determines which points correspond in the two images
In a basic setting, we need one camera and one projector

The projector can possibly illuminate the entire scene at once OR scan a
line through it
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Laser stripe scanner

3-0OBJECT

IMAGE
FLAME

LASER STRIFE /

PROJECTOR /f

—-—-_-_-_-_._
d ’ by STRLICTURED LIGHT

ACQUISITION SYETEM

&) 230 CLOUD
SF POMTS
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Structured light system (time coding)

Project light stripes onto the scene

Calibrate the projector

Code the stripe in the time domain using a binary pattern
Need log, N images where N is the number of possible codes

K K K K

(a) (b) (c) (d)
Mian et al, “3D face recognition by matching shape descriptors”, IVCNZ, 2004.
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Binary code

Binary code

Stripe number
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Projector calibration

N Need to find the equation of every sheet (plane) of light. The equation of light

sheet i is given by
ﬂr'X + E}EF + I‘_‘fZ + df = [-]

N Given an image point (u, v), it must satisfy the camera projection equation:
SU
-
S
for some unknown X,Y, Z.

411 12 d1z  q14
[@zi q22 923 f¥24]
G371 Q37 Y933 (34
N If (u, v) has been identified to be illuminated by the ith sheet of light then the
unknowns the above two equations. Thus,
[f}‘n —Uq3z1 (12 — U432 (13 — “Gzz] \X

)
=N S

V({34 = (24

Q21 — V{q31 (22 — V{32 (23 — V({a33||Y
—E]T.f

r-f}‘ 34 — fhj
i i?f Ci VA

which is again a linear problem.
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Structured light — colour coding

N Similar to the previous technique except that the stripes are colour coded
N Colour codes are such that they are very different in the local neighborhood

N Single shot (image) acquisition of 3D shape is possible

L. Zhang et al. “Rapid shape acquisition using color structured light and multi-pass dynamic programming”, 3DPVT, 2002
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Structured light — spatial pattern

N Rather than colour pattern, use spatial pattern
N Single shot acquisition of 3D
N Can use monochrome camera

N Can use infra-red so it not visible to the
human eye
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Example: Spatial pattern

N The spatial pattern is unique within a neighborhood

-000-0
Oe® ——-—
o—-00-0
-0=000

Albitar et al. “Robust structured light coding for 3D reconstruction”, ICCV 2007.
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Summary

N We learned about stereo vision and epipolar geometry

N We learned the essential and fundamental matrices and their use in stereo
reconstruction

N We learned two techniques to perform image rectification for stereo
N We learned how to calculate the 3D coordinates of a point using stereo

N We learned about active stereo and how to calibrate a projector

Acknowledgement: Material for this lecture was taken from Rober Collins Computer
Vision course, and previous lectures of Du Huynh and Peter Kovesi.

Computer Vision - Lecture 10 — Stereo Reconstruction The University of Western Australia 56



